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Abstract. - An exact approach for the factorization of the relativistic linear singular oscillator 
is proposed. This model is expressed by the finite- difference Schrodinger-like equation. We have 
found finite-difference raising and lowering operators, which are with the Hamiltonian operator 
^— ^ , form the close Lie algebra of the SU (1, 1) group. 
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Introduction. - The singular harmonic oscillator is one of the rare exactly solvable prob- 
\ lems in non- relativistic quantum mechanics [1,2]. This model is useful to explain many 
& ■ phenomena, such as description of interacting many-body systems [3] , diatomic [4] and poly- 
atomic [5] molecules, spin chains [6], quantum Hall effect [7], fractional statistics and anyons 
[8]. In spite of many interesting papers devoted to the study of the non-relativistic singular 
harmonic oscillator model [9] , the number of works studying relativistic approachs to singular 
■ oscillator exact solution is still rather few [10]. 

Recently, we constructed the exactly solvable relativistic model of the quantum linear 
singular oscillator [11]. Later, this model was generalized for 3D case in [12]. Our model 
was formulated in the framework of the finite-difference version of the relativistic quantum 
mechanics, developed in [13-17]. As we noted in [11], unlike the case of the Coulomb potential, 
the relativistic generalization of the oscillator or singular oscillator potentials are not uniquely 
defined. Therefore, one of the main requirements for proposed relativistic models is existence 
of their dynamical symmetry. In this Letter, we present the simplest way for construction 
of the close Lie algebra of the SU (1,1) group for a relativistic model of the linear singular 
oscillator. In spite of expression of the problem under consideration by the finite-difference 
equation, it is also exactly factorizable and is in complete analogy with relevant non-relativistic 
problem. This factorization will allow us to obtain the exact finite-difference expression of the 
generators of SU (1, 1) group. 

(*) E-mail: azhep@physics.ab.az 
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The Letter is structured by following: Section 2 is devoted to brief description of the finite- 
difference relativistic quantum mechanics, whereas the Section 3 describes this approach in 
ID. We do some brief review of the factorization scheme for the non-relativistic linear singular 
oscillator in Section 4 and present the completely similar factorization scheme for a relativistic 
model of the linear singular oscillator in Section 5. 

Finite- difference formulation of the relativistic quantum mechanics. In the finite- 

difference relativistic quantum mechanics the relative motion wavefunction satisfies a finite- 
difference equation with a step equal to the Compton wavelength of the particle, X = Ti/mc. 
For example, in the case of a local quasipotential of interaction V (r) the equation for the 
wavefunction of two scalar particles with equal mass has the form 

[H + V(r)]iP(r)=EiP(r) , (1) 
with the free relativistic Hamiltonian operator 



Hq = mc 



iX . _ „ , L 2 



cosh (iXd r ) H sinh (iXd r ) H j ex P (*A0 r ) 

t 2 (mcr) 



(2) 



where L is the orbital angular momentum operator and d r = The technique of difference 
differentiation was developed and analogues of the important functions of the continuous 
analysis were obtained to fit the relativistic quantum mechanics, based on Eq.QJ [13]. 

The space of vectors r is called the relativistic configurational space or r-space. The 
transformation between r-space and its canonically conjugate momentum p-space is given by 
the 'relativistic plane waves' [13, 18] 

^) , (3) 

mc ) 

r = rn, n 2 = 1 , < r < oo , 



Po = \/ p 2 + m 2 c 2 

rather than by the usual one exp (ipr/K) in the non-relativistic case. These functions corre- 
spond to the principal series of unitary representations of the Lorentz group SO (3, 1) and in 
the non-relativistic limit (c — > oo) we have £ (p, r) — > exp (ipr/K). The momenta of particles 
belong to the three dimensional Lobachevsky space realized on the upper sheet of the mass 
hyperboloid p 2 — p 2 = m 2 c 2 . 

The relativistic plane waves © are the eigenfunctions of the free Hamiltonian operator 
©, i.e. 



[H - E p ) f (p, r) = 0, E p = c Po = c^Jp 2 ^m 2 c 2 . (4) 
They form a complete and orthogonal system of functions, i.e. 



1 



(2-kH) 3 



e(p,?)ii(p,f<)d{l p = 6(r-r<), (5) 



^ € (P,^£(P,r)dr = 5(p(-)p) = ^5(p- p 1 ) , (6) 



(2tt^) 3 



where dfl p = mc— is the Lorentz invariant volume element of the Lobachevsky space. 
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ID Relativistic Quantum Mechanics. - In the one-dimensional case the relativistic plane 
wave takes a form [16] 



mc 



or, in hyperpolar coordinates 



Po = mc cosh x , p = toc sinh x (8) 
we have the exponential function 

Z(p,x) = e* B *' x , (9) 

where x — m ( P "nf ) is rapidity. 

The functions obey the free relativistic finite-difference Schrodinger equation 

(#o-£ P )e(p,z)=o, (io) 

with the simple free Hamiltonian operator Hq = mc 2 cosh (iXd x ). 

Note that all the important exactly solvable cases of non-relativistic quantum mechan- 
ics (potential well, Coulomb potential, harmonic oscillator, singular oscillator etc.) are also 
exactly solvable for the case of equation Q (or for the corresponding one-dimensional equa- 
tion). In this connection one can note, that there is a well-studied class of the relativistic 
one-dimensional integrable quantum many-body systems [19]. They provide a relativistic 
generalization of the Calogero-Sutherland systems [2]. In principle, the approach used in this 
Letter can reproduce the Ruijsenaars-Schneider models. We could not find any relevant paper 
studying comparatively quasipotential and Ruijsenaars-Schneider finite-difference generaliza- 
tions of the well-known non-relativistic quantum mechanics. Therefore, the paper devoted to 
this problem now is in preparation process. 

Factorization of the non-relativistic linear singular harmonic oscillator. - In the non- 
relativistic quantum mechanics the Hamiltonian of the linear singular harmonic oscillator 

may be factorized as follows: 



H N = hu(c + c- + d+l) (12) 
in terms of the operators, having the form (see, for example, [11]) 



c -T2{ (TSc -()= a -^r- { -VT* (13) 



1 (, „ d+l/2\_ ± d+1/2 ^ _ jrnu 



Here are the usual creation and annihilation operators and d = 5 y 1 + ■ We 

suppose g > —h 2 /8m, so d is a real positive number [3]. 

Using c~ and c + , one can construct a dynamical symmetry algebra of the linear singular 
oscillator (H) . For this purpose we calculate their commutator: 

[ c - c+ ] = 1+ ±y£. ( i4) 
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The right-hand side of 114|) requires the introduction of a new operator £c that leads to 
commutator 

[B „,Gr]-^ u (tc--Jfc + '-£), (15) 

allowing us to determine exact expression of the lowering operator as follows: 

A- N = V2Zc--^+d+l=(a-) 2 - 9 ^. (16) 
Indeed, from l|15|l and (|16|l follows that 

[H N ,A N ] = -2hcuA N . (17) 

Corresponding raising operator A^ = (a + ) 2 — |§- can be determined as the Hermitian 
conjugate of the lfTS|) . 

The operators K~ = \A~^ and K + = \A^ together with K = Hjy/2 satisfy the canonical 
commutation relations 

[Kq,^] = ±K ± , [K-,K+] = 2K Q , (18) 

which define the Lie algebra of the group SU(1, 1). 

A direct calculation shows that the invariant Casimir operator in this case is 

K 2 = K (K 1) - K+K- = *±±(*±±-l). (19) 



The eigenvalue of the Casimir operator K 2 determines that the non-relativistic linear 
singular oscillator \\\\ realizes the unitary irreducible representation D + (^-) of the SU(1, 1) 
group. The eigenvalues of the compact generator Kq in such representations are restricted 

from below and equal to + n, n = 0, 1, 2, 3, Thus, a purely algebraic approach enables 

one to find the correct spectrum of the Hamiltonian Hm = 2%ujKq l|ll|l : 

E non-rel = JliJ (2d + U + 1) . (20) 

Due to commutation relations l|18|l the action of the raising and lowering operators K + 
and K~ on the eigenfunctions ipn of the Hn i|ll|) is given by 

K+^W = Kn+1 ^% K-jVO = Kn ^ n % (21) 

where K n = y/n(n + d). Hence the functions ifi^ can be obtained by n-fold application of 
the operator K + to the ground state wavefunction iPq\ i.e. 

W = 7n (K+) n 4 N > = <4V*e-*W, (22) 
7" 1 = kik 2 ...K n = yjn\(d+ l) n , 

where (y) are the associated Laguerre polynomials and (a) n = a(a + 1) . . . (a + n — 1) = 
T(a + n)/r(a) is the Pochhammer symbol. 
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Factorization of the relativistic linear singular oscillator. - The relativistic linear singular 
oscillator considered in [11] is described by Hamiltonian 



1 



.9 



H = mc 2 cosh (iXd x ) + ^-mui 2 x (x + iX) e iXd " + s . 

2 X (X + lAj 

In terms of the dimensionless variable p = x/X and parameters coq 



iXd, r 



(23) 

and g = the 



operator (|23() takes the form 



H — mc 



cosh^ p ) + ^ V 2 )e^ + -| T e^ 



(24) 



where p^ — i^T (A — ip) /T (—ip) is a generalized degree [14]. 

As in the non-relativistic case (|11|) . it is possible to factorize [11] the Hamiltonian l|24|) 



H = mc 2 [b + b + oj (a + v)] 
by means of the difference operators 



(25) 



with the notations 



b~ - 
b+ 



1 

7i 
i 

72 



e~% dp - uj e^ dp (v + ip) (1 H ) 

ip _ 

e ~i d p — u (y — ip) (i _ —) e i d p 



1 1 



\/ 1 + 4( 1 "^ T ^)' 



(26) 



(27) 



To obtain a dynamical symmetry algebra of the relativistic linear singular oscillator (|24|l , 
we consider a commutator of b~ and b + 



A = a + v h av 

4 



(a — 1) (y — 1) av 



(28) 



,(2) 



(p + i/2) (2) 



Using (|28|l . now one can determine raising and lowering operators through b + and 6 . 
Indeed, it is easy to show that the expression 



B~ = ip 



— H 

V2e~^ 9p b~ j + ujo {a + v) 



1 H 



is the lowering operator, i.e. 



2mc 2 2w (mc 2 ) 
[H,B~] = -2hujB-, 



1 H 2 

2 o~~ — 7^ +UJ oav (29) 



(30) 
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moreover, it is obvious the analogue with the l|16f) case. The raising operator B + can be 
obtained as Hermitian conjugate of (|29[1 . 

By the determination of the generalized momentum operator P form 



P 



through commutation relation 



sinh (id p ) + \uj 2 p^e ld " 



«(2) e 



[p, H] = icP, 
one can express B + and B~~ in compact form 



1 

2loq 



mc 



2g 



1 



(31) 



(32) 



(33) 



To obtain the closed algebra of operators B , B + and H besides (I3U|) it is necessary to 
calculate the commutator 



[b-,b+] = ^Lh{i + - 2 



H 



- 1 



(34) 



As follows from (|34|l . to construct the algebra of dynamical symmetry of the model under 
consideration it is sufficient to introduce following operators: 



K~ 



B-f- 1/2 (H) , K+ = f- 1/2 (H) B + , 



(35) 



where f(H)= [-^ + Uo (a- v - 1)] + u (u - a - 1)] . 

Now one can see that K , K + and Ko = 2KujH satisfy commutation relations l|18|) on the 
basis elements {lAnl^Lo' 

[K-,K+]ip n = 2K ip n , 

where tp n are eigenfunctions of H [11]. Their explicit form will be provided again below. 
Moreover the Casimir operator in this case is equal to K 2 





Hence, eigenvalues of H — 2TiujKq are restricted from below and are equal to E n — 
Tilj (2n + a + v), n = 0, 1, 2, . . ., and eigenfunctions i\) n form the basis of the irreducible rep- 
resentation D+ (S±H) of the SU (1, 1) group. 

In conclusion one can note that action of B + and B~ operators to eigenfunctions ip n of 
the Hamiltonian (|23|l can be expressed by formulae 



(36) 



2uj y/n (n + a + v) (n + a - 1/2) (n + v - 1/2). 



It follows that an arbitrary state can be found by the n-fold action of the B + to the ground 
state of tpn, i.e. 



V>„ = N n (B+) n Vo = c n (-p) ia) 4 P T (u + ip) S n (p 2 ;a, v, 1/2) , 
N- 1 = b x b 2 ■■■b n = (2u; o y l y/nl (a + v + 1)„ (a + l/2)„ {v + l/2)„, 



(37) 
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where S n (x 2 ;a, b, c) are the continuous dual Hahn polynomials. The generators K + and K 
act on the wave functions ip n in the following way: 

K~ip n = K n 1pn-1, K + tp n = K„+l^„+l, K n = \J n (n + a + v - 1). 

Conclusion. - In this paper in the framework of the finite-difference relativistic quantum 
mechanics we constructed the close Lie algebra of the SU (1, 1) group for a relativistic model 
of the linear singular oscillator. In complete analogy with the non-rclativistic problem, the 
relativistic problem under consideration is also exactly factorizable and this factorization 
allows us to obtain the exact finite-difference expression of the generators of SU (1,1) group. 
We show that eigenf unctions ip n of a relativistic model of the linear singular oscillator form 
the basis of the irreducible representation D + ( SL ^ iL ) of the SU (1, 1) group. 

* * * 

One of the authors (E.I.J.) would like to acknowledge that this work is performed in the 
framework of the Fellowship 05-113-5406 under the INTAS- Azerbaijan YS Collaborative Call 
2005. 
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